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Abstract
Sum square difference product prime labeling of a graph is the
labeling of the vertices with {0,1,2--------- ,p-1} and the edges

with absolute difference of the square of the sum of the labels of
the incident vertices and product of the labels of the incident
vertices. The greatest common incidence number of a vertex
(gcin) of degree greater than one is defined as the greatest
common divisor of the labels of the incident edges. If the gcin of
each vertex of degree greater than one is one, then the graph
admits sum square difference product prime labeling. Here we
identify some path related graphs for sum square difference
product prime labeling.

Keywords: Graph labeling, greatest common incidence number,
sum square.

1. Introduction

All graphs in this paper are simple, finite, connected and
undirected. The symbol V(G) and E(G) denotes the vertex
set and edge set of a graph G. The graph whose cardinality
of the vertex set is called the order of G, denoted by p and
the cardinality of the edge set is called the size of the graph
G, denoted by q. A graph with p vertices and q edges is
called a (p,q)- graph.

A graph labeling is an assignment of integers to the
vertices or edges. Some basic notations and definitions are
taken from [2],[3] and [4] . Some basic concepts are taken
from [1] and [2]. In this paper we investigated sum square
difference product prime labeling of some path related
graphs.

Definition: 1.1 Let G be a graph with p vertices and q
edges. The greatest common incidence number (gcin) of a
vertex of degree greater than or equal to 2, is the greatest
common divisor(ged) of the labels of the incident edges.

2.Main Results

Definition 2.1 Let G = (V(G),E(G)) be a graph with p
vertices and q edges .

Define a bijection f: V(G) —* {0,1,2,3,------------- ,p-1} by
f(vi) = i—1 , for every i from 1 to p and define a 1-1
mapping ..., : E(G) — set of natural numbers N

by frzappr (W) = {f(W) +(V)}> ~ (W)L
The induced function f;;d,pﬁ: is said to be sum square

difference product prime labeling, if for each vertex of
degree at least 2, the greatest common incidence number is
1.

Definition 2.2 A graph which admits sum square
difference product prime labeling is called a sum square
difference product prime graph.

Theorem 2.1 Path P, admits sum square difference

product prime labeling.

Proof: Let G = P, and let vy,vp,-------mmmmmm-- ,vn are the

vertices of G

Here IV(G)l = n and IE(G)Il = n-1

Define a function f:V —*{0,1,2,3,------------——-- ,n-1 } by
f(vi)=i-1,i=1,2,----- ,n

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling

£ _;,.d,p,p: is defined as follows

sedppl (Vi Visy) = 3i%-3it1, i=1,2,-mmmmmmeeee ,n-1

Clearly f ;. is an injection.
_ %
= god of { f s app (Vs Vi) -

gcin of (viy1)
feeappr (Viz1 ¥isp) )
= gcd of { 3i2-3i+1, 3iz+3i+1}
— ged of {61 , 3i2-3i+1}
— ged of {3i, 3i2-3i+1}
= gcd of {31, 3i(i-1)+1}
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=1, i=12-- ,n-2
So, gcin of each vertex of degree greater than one is 1.
Hence P, , admits sum square difference product prime
labeling. [ |
Theorem 2.2 Middle graph of Path P, admits sum square
difference product prime labeling.
Proof: Let G =M( P, ) and let v;,vp,~------------—-- ,Von.1 are
the vertices of G
Here IV(G)l = 2n-1 and IE(G)| = 3n-4
Define a function f:V —{0,1,2,3,-----------———-- ,2n-2 } by

f(vi)=i-1,i=1,2,-—-- ,2n-1

Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling

fe Ss.d,ﬂ,w is defined as follows

ssd'p'p! [vi vz’+1) = 3i%-3i+l,i=1,2,-—-- ,2n-2
ssappt (V2i Vai+2) = 12i%+1, i=12--- ,n-2
Clearly f ;. is an injection.
gcin of (Vi1) =1, gy — 203

So, gcin of each vertex of degree greater than one is 1.
Hence M(P,), admits sum square difference product prime

labeling. [ |

Theorem 2.3 Total graph of Path P, admits sum square

difference product prime labeling.

Proof: Let G =T( P, ) and let vi,va,--------------—- ,Von.1 are

the vertices of G

Here IV(G)| = 2n-1 and IE(G)| = 4n-5

Define a function f:V —+{0,1,2,3,----------——-- ,2n-2 } by
f(vi) =i-1,1=1,2,--—--- ,2n-1

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling

f Ss.d,p,p1 is defined as follows

S'S'r:u.".‘.:l';:l! (vi '1,']2.+1) = 3i2'3i+1, 1=1,2,=%-- ,2n-2
[ rzapp (V2 V2i52) = 12i%+1, i=1.2-- n-2
ssdppl (V2im1 Vzier) = 120-12i44,1=1.2,— -1
Clearly fﬂd,p - is an injection.
gcin of (vy) =1,
gcin of (vir1) =1, i=1,2-—-- ,2n-3

gcin of (vVan-1) = ged of {f:;ri-p-p. (?‘jz:"z —1 Vgp- 2)

ssri'p'p; [vzn -1 v"n 3) }
= gcd of { 12n%-30n+19, 12n-36n+28}
= gcd of { 6n-9, 12n>-36n+28}
= gcd of { 6n-9, (6n-9)(2n-3)+1}
=1
So, gcin of each vertex of degree greater than one is 1.

Hence T(P,), admits sum square difference product prime
labeling. [ |

Theorem 2.4 2-tuple graph of Path P, admits sum square
difference product prime labeling.

Proof: Let G =T%( P, ) and let vy,v,-—-------—--—--- ,Von are
the vertices of G

Here IV(G)l = 2n and I[E(G)| = 3n-2

Define a function f:V —+{0,1,2,3,------------——-- ,2n-1 } by
f(vi) =i-1,1=1,2,---—--- ,2n

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling

I Ss.d,p,p1 is defined as follows

sedppl (Vi Vigy) = 3i%3i+1,i= 1,2, 2n-1
Freapor (Vi Vangq ) = @n-1)? = Qoei)(Gi-1),
=12, n-1
Clearly f .., is an injection.
gcin of (vy) =21,
gcin of (vis1) =1, I ) e ea— ,2n-2

gcin of (vay) gcd of {f;;dtﬂf (v Vay) »

Szri‘ﬁ"ﬁ'n Van-1 V3 ) }
= ged of { (2n-1)2, 12n? 18n+7}
gcd of { (2n-1), 12n%-18n+7}
gcd of { (2n-1), (2n-1)(6n-6)+1}
=1
So, gcin of each vertex of degree greater than one is 1.
Hence T%(P,), admits sum square difference product prime

labeling . u

Theorem 2.5 P,?> admits sum square difference product

prime labeling

Proof: Let G = P,2and let vi,vy,---------=-=---- ,Vn are the

vertices of G

Here IV(G)l = n and IE(G)| = 2n-3

Define a function f:V —*{0,1,2,3,-----------—-—-- ,n-1} by
f(vi)=i-1,i=1,2,~----

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling

fssdwfp‘ is defined as follows
= 3i%3i+l,i=1,2,--------- n-1
= 312_'_1’ i: 1,2’ __________ ,n-2

ssri'p'p! (v; Vieq)

®
szdppl (?‘j v'+")

Clearly fﬂd,p »1 18 an injection.
gcin of (vy) =1,

1’ 1= 1,2, """""" ,n-2
ng of { ;;'d'p'p! (yn—l yn) ’
stdm:I [vn—ﬂ i?.'v:) }

gcin of (Vi+1)
gcin of (vn)
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= ged of { 3n%-12n+13, 3n%-9n+7}
gcd of { (3n-6), 3n%-12n+13}
gcd of { (3n-6), (3n-6)(n-2)+1}
=1
So, gcin of each vertex of degree greater than one is 1.
Hence P,%, admits sum square difference product prime

labeling. [ |
Theorem 2.6 Duplicate graph of path P, admits sum
square difference product prime labeling.

Proof: Let G = D(P,) and let vy,vy,---------------- ,Von are the
vertices of G

Here IV(G)l = 2n and I[E(G)| = 2n-2

Define a function f:V —{0,1,2,3,---—-------——-- ,2n-1 } by
f(vi)=i-1,i=1,2,—-- ,2n

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling

f;;.d,ﬂ,ﬂ: is defined as follows
;;dm:: (v; V1) = 3i%-3i+1,
=12, ,n-1
fsi'ri‘ﬂ*pi Evnﬁ Vpiiag) = (2n+2i-1)%-(n+)(n+i-1,
i=12-e- ,n-1
Clearly f,ayy; is an injection.
gein of (vis) =[] e ,n-2
gein of (Vnsir1) = =2 .n-2

So, gcin of each vertex of degree greater than one is 1.
Hence D(P,), sum square difference product prime

labeling. [ |

Theorem 2.7 Strong Duplicate graph of path P, admits
sum square difference product prime labeling., when n %
0(mod7)

Proof: Let G = SD(P,) and let v;,vp,---------------- Vo are
the vertices of G

Here IV(G)l = 2n and |[E(G)| = 3n-2

Define a function f:V —*{0,1,2,3,-----------—-—-- ,2n-1 } by
f(vi) =i-1,i=1,2,-—-- ,2n

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling

fasdpp i defined as follows
;;'ﬂ"p'p! ("'—9:' Vigq) = 3i%-3i+1,
1= 192, """"""" ,2n-1
sedppl (V2i—1 Vziep) = 12056043,
i = 1727 """""" ,n-l

Clearly f 1,4y is an injection.

gcin of (vy) =1

gein of (Vi) 1, TR PR — 2n-2
gein of (Van) ng of {fSZdwwi [vzn—l v:n) >

;;'d'p'p! [vzn—ﬂ v!n) }
= ged of { 12n2-18n+7, 12n%-30n+21}
=1
So, gcin of each vertex of degree greater than one is 1.
Hence SD(P,), admits sum square difference product

prime labeling. ]

Theorem 2.8 Shadow graph of path P, admits sum square

difference product prime labeling, when (n+1) # 0(mod7)
Proof: Let G = D»(P,) and let vy,va,--------------—- , Vo, are the
vertices of G

Here IV(G)l = 2n and [E(G)| = 4n-4

f(vi)=i-1,i=1,2,~---- ,2n
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling

fizappr is defined as follows
S appt (Vaio1 Vaggy) = 12i%12i4+4,
=12 ,n-1
ceappt (V2i Vais2) = 12i’+1,
i=12,-- ,n-1
seappt (Vaim1 Vziez) = 1206043,
=12, ,n-1
;.;ri*pw: Vg Vgia1q) = 12i%-6i+1,
i=12,-- n-1
Clearly f 1,4y is an injection.
gcin of (vy) =1
gcin of (v2) =1

gein of (vain) = ged of {fiogpp (Vi1 V2i40) -

;;dm:: (V2 V2i01)
gcd of { 12i%-12i+4, 12i%-6i+1}
gcd of { 12i%-12i+4, 6i-3}
ged of { (6i-3)(2i-1)+1, 6i-3}
=1, I I J—— -1
ged of { foogpm (Vaits Vaisd) -
;;dm:: (V2 V2i22)
ged of { 12i% + 1, 12i%+24i+13}
gcd of { 12i% + 1, 24i+12}
ged of { (12i% + 1, 6i+3}
gcd of { 4, 6i+3}= ged of { 2, 6i+3)
=1, I n-2
= ng Of{ ;;'ri'p'p! (yzn—ﬂ ‘1.'12”) ’
stdm:I [vﬂn—ﬂ v!n) }
= gcd of { 12n2-30n+21, 12n?-24n+13}
= gcd of { 12n%-30n+21, 6n-8}
= gcd of { 12n%-30n+21, 3n-4}

gcin of (vais2)

gcin of (van)
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=gcd of { n+1, 3n-4}
=gcd of { n+1, n-6}=gcd of { 7, n-6}
=1
So, gcin of each vertex of degree greater than one is 1.
Hence D»(P,), admits sum square difference product

prime labeling. n

Theorem 2.9 Strong shadow graph of path P, admits sum
square difference product prime labeling.

Proof: Let G = S{D»(P,)} and let v;,vy,--------------—- ,Vop are
the vertices of G

Here IV(G)l = 2n and I[E(G)| = 5n-4

Define a function f:V —{0,1,2,3,-----------——-- ,2n-1 } by
f(vi)=i-1,i=1,2,—-- ,2n

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling

fe Ss.d,ﬂ,w is defined as follows

sedppl (P2i—1 Vaiaq) = 12012044,
=12, ,n-1
ssapnt (V2i Y2is2) = 12i%+1,
i=12-- ,n-1
feeappi (P21 Vaug) = 1206043,
=12, ,n-1
ssd*p'pl (v": !‘:]"E+1) = 12i%-6i+1,
i=12-e- n-1
ssd'p'pl [v"z Vg 1) = 12i%-18i+7,
1=1,2,--mmmmn n
Clearly f. 4, is an injection.
gcin of (vy) =1

1, 1=1,2,--- ,2n-2
ng of {fsi'ri'p'p; [vzn —i v!n) 2
ssri'p'p; (v" —2 ‘1.'12”) }
gcd of { 12n%-24n+13, 12n2-18n+7}
= gcd of { 12n%-24n+13, 6n-6}
= gcd of { (6n-6)(2n-2)+1, 6n-6}
=1
So, gcin of each vertex of degree greater than one is 1.
Hence S{D»(P,)}, admits sum square difference product

gcin of (vis1)
gcin of (van)

prime labeling. |
Theorem 2.10 Z graph of path P, admits sum square
difference product prime labeling.

Proof: Let G = Z(P,) and let v;,v2,~--------------- ,Von are the
vertices of G

Here IV(G)l = 2n and [E(G)| = 3n-3

Define a function f:V —{0,1,2,3,------------——-- ,2n-1 } by
f(vi)=i-1,i=1,2,~---- ,2n

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling :‘d -
is defined as follows
f:dp:[”zi—l Viipq) = 12i*-12i+4,
i=1,2--meem- ,n-1
foapt (V2; Vai42) = 12+ 1,
=12~ ,n-1
feapt (V2; V2i41) = 12i% -6i+1,
i=1,2,--meee- ,n-1
Clearly f__z,,; is an injection.

gein of (vai+1) ged of { fongppt (V2i-1 Vais 1) »

;.;ri*pw. L& 152:+1) }
ged of { 12i%-12i+4, 12i%-6i+1}
ged of { 12i2-12i+4, 6i-3}
gcd of { (6i-3)(2i-1)+1, 6i-3}
=1, =12, ,n-1
= ged of { frogpp (Vi V2142 -
ssappt (V2i V2isd) )
= ged of { 12i%+1, 1212 6i+1)}
= ged of { 12i%-6i+1, 6i}
= ged of { (2i-1)(61)+1, 61}
=1, =12, ,n-1
So, gcin of each vertex of degree greater than one is 1.
Hence Z(P,), admits sum square difference product prime
labeling. u

gcin of (vai)

4. Conclusions

In this paper we proved that some path related graphs
admit sum square difference product prime labeling. Here
shadow graph and duplicate graph does not admit sum
square difference product prime labeling according to our
pattern of labeling.
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